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We carry out a theoretical investigation of the evolution of a wetting film formed by pressing a bubble
against a solid substrate. Our model incorporates the effects of capillarity and Derjaguin-Landau-Verwey-
Overbeek �DLVO� �van der Waals and electrostatic� components of the disjoining pressure. Rapid changes in
the relative position of the bubble and the substrate are shown to result in surprisingly rich dynamics of wetting
film deformations. Even for stable films, we find transient rippled deformations with several points of local
maximum of wetting film thickness and discuss how their evolution depends on changes in the meniscus
position relative to the substrate and the disjoining pressure parameters. A connection is made to the recently
reported experimental observations of one such rippled deformation, the so-called wimple, characterized by a
local minimum of the thickness in the center, surrounded by a ring of greater film thickness and bounded at the
outer edge by the barrier rim. Guidelines are provided for experimental detection of more complex rippled
deformations in stable wetting films. Development of instability is studied in a situation when the electrostatic
component of disjoining pressure is destabilizing, with particular emphasis on the nonlinear evolution and
rupture of the film. Potential applications of our findings to small-scale mixing and deposition of nanoparticles
are discussed.
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I. INTRODUCTION

Studies of thin liquid films are important for understand-
ing the flotation process, behavior of emulsions, and dynam-
ics of confined drops and bubbles in microfluidic devices. A
well-studied experimental configuration involves a draining
film formed when a bubble or a liquid drop surrounded by
another viscous liquid is pressed against a solid wall. It has
been known for decades that the hydrodynamic pressure in
the film can be large enough to invert the curvature of a fluid
drop or a bubble by forming the so-called dimple �1–3�. The
dimple is bounded by a barrier rim, which is the circle of
minimum separation between the two surfaces. Mathematical
models have been developed to describe dimple formation
and estimate the rate of liquid drainage in this configuration
on the macroscopic scale �4–7�. When the draining film
thickness is sufficiently small �on the order of 100 nm or
less�, the effect of disjoining pressure becomes important
�8,9�. Yiantsios and Davis �10� developed a theoretical model
of the drainage of a film between two fluid interfaces that
included the effect of the van der Waals component of dis-
joining pressure. Hewitt et al. �11� studied the effect of the
electrostatic component of disjoining pressure on aqueous
film drainage between an air bubble and quartz substrate us-
ing scanning optical interferometry. Connor and Horn �12�
conducted careful experimental studies of aqueous film
draining between a mercury droplet and a substrate, also in a
situation when electrical double layer forces are significant.
Inclusion of disjoining pressure changes the quantitative de-
tails and improves the comparison between theory and ex-

periment, but the main qualitative features of the dimple for-
mation turn out to be similar to the macroscopic case. A
more detailed review of literature on dimples in draining
films can be found, e.g., in Slattery et al. �13�.

While dimples have been studied extensively, they are not
the only shapes that can be observed in draining stable films,
as was first shown experimentally by Clasohm et al. �14�. In
their experimental setup an air bubble or mercury drop in
aqueous solution is pressed against a wall as sketched in Fig.
1, and the wetting film profile is measured using multiple
beam interferometry in the reflection mode. Clasohm et al.
�14� found that if the substrate starts to move towards a drop
or bubble from an equilibrium configuration, a complex
rippled shape, referred to as a wimple, can be observed at the
initial stage of approach. In a wimple, the drop or bubble
surface buckles into a depressed ring with the central peak,
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FIG. 1. Sketch of a bubble attached to a capillary and pressed
against a solid surface. The enlarged portion of the film illustrates
wimple, which is one of several possible shapes of draining film.
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as seen in the enlarged view of the draining film in Fig. 1.
This shape later evolves to a conventional dimple, which
then drains in the usual way. These experiments clearly
showed that the commonly accepted notions about the shape
evolution of a draining film are incomplete and that more
theoretical studies are needed to interpret the new experi-
ments. The first such study was conducted by Tsekov and
Vinogradova �15�, based on the analysis of interfacial stress
conditions under the assumption that the draining film is
nearly flat, i.e., the amplitude of deformations is small com-
pared to the average film thickness. It was shown that com-
plex rippled deformations of thin films can arise due to an
interplay between surface tension and disjoining pressure.
The focus of the present study is on numerical simulations of
nonlinear evolution of complex rippled deformations whose
amplitude is comparable to the average wetting film thick-
ness, so that linearized theories are not sufficient to describe
film evolution.

It is important to note that rippled dissipative structures in
thin films have been observed by a number of researchers,
but they were attributed to various types of instabilities
�16–19�. The striking aspect of the experimental results of
Clasohm et al. �14� is that such structures are seen in stable
nanofilms, where surface tension and positive disjoining
pressure corresponding to repulsive interaction between the
fluid interface and the solid, are expected to suppress any
wavelike deformations. The physical mechanism of this phe-
nomenon was explained by Ajaev et al. �20� using a simple
model that involves only capillarity and van der Waals–type
disjoining pressure. When the distance between the bubble
and the substrate is changed, the thin-film region is expanded
due to formation of a trailing film behind shifted meniscus.
The pressure in the trailing film is lower than the pressure in
the meniscus region and in the static wetting film; the flow of
liquid from this region of relatively high pressure causes the
interface deformation. In the present work, the effect of the
electrostatic component of disjoining pressure on wimple
formation is investigated and extensive parametric studies
are conducted to obtain the conditions of wimple formation.
Furthermore, new types of interface shapes in draining films
are found from numerical simulations. Simple physical ex-
planations and analytical formulas for conditions of forma-
tion of these shapes are provided. The rate of viscous flow in
the film is studied as a function of bubble motion relative to
the substrate.

Significance of the experimental discovery made in Ref.
�14� goes beyond the particular experimental setup discussed
there. Any kind of situation where a macroscopic meniscus is
initially in contact with an equilibrium wetting film and then
starts moving is expected to result in the same dynamics.
Such situations are often encountered in studies of moving
contact lines �21�. Thus, the work of Clasohm et al. �14� can
have important implications for theoretical prediction of val-
ues of apparent contact angles.

In the classical studies of drainage based on the setup of
Fig. 1 the deformations of bubbles happen on a relatively
slow time scale compared to those observed in microfluidic
devices, in which drops and bubbles are often going though
constrictions and bouncing against the confining walls �22�.
The present work is an important step towards understanding

interactions of drops and bubbles with solid boundaries in
such dynamic situations.

The paper is organized as follows. Formulation is pre-
sented in Sec. II. Numerical studies of wimples and criteria
for their formation are described in Sec. III. More compli-
cated rippled interface shapes and film instability induced by
the disjoining pressure are discussed in Sec. IV. Finally, the
key findings are summarized in Sec. V.

II. FORMULATION

Consider an axisymmetric bubble pressed against a hori-
zontal rigid surface, which is a typical experimental configu-
ration �11,14,23�, illustrated in Fig. 1. Liquid has viscosity �
and surface tension at the liquid-gas interface is �. The
bubble is held at the end of a fixed vertical capillary, while
the solid substrate can be moved in the vertical direction at a
controlled velocity V�t�. When the bubble is far from the
solid wall, its radius of curvature is constant and equal to R0,
assuming that gravity can be neglected, i.e., the Bond num-
ber is small. When the bubble is close to the wall its shape is
distorted locally by surface and hydrodynamic forces, result-
ing in the formation of a liquid film between the gas and the
solid. When the substrate moves toward the capillary, the
film region expands at a rate characterized by the velocity of
its outer edge U used as the horizontal velocity scale in our
model. The corresponding capillary number C=�U /�, is as-
sumed to be a small parameter here since its values in typical
experiments are �10−6 or even smaller. The interplay be-
tween viscous flow and surface tension in the thin liquid film
for small C is described by the so-called Landau-Levich-
Bretherton scaling �21,24�, which in the present context im-
plies using C1/3R0 and C2/3R0 as the length scales in the
radial and vertical directions, respectively. The scaled cylin-
drical coordinates r and z are shown in Fig. 1. The position
of the liquid-gas interface is characterized by the scaled film
thickness h�r , t�, where t is the time variable scaled by
C1/3R0 /U.

To develop an asymptotic theory we expand the govern-
ing equations and boundary conditions in the powers of the
small parameter C1/3. At the leading order, the governing
equations take the usual lubrication-type form �25� while the
boundary conditions of normal and shear stress balances at
the gas-liquid interface are written as

pg − p = hrr + r−1hr + ��h� , �1�

uz = 0, �2�

where pg and p are the scaled pressures inside the bubble and
in the liquid film, respectively, ��h� is the disjoining pres-
sure; all three are scaled by � /R0 and u is the horizontal
velocity scaled by U. Here and below we use the expression
for disjoining pressure in the DLVO form �8,9�

� = �h−3 + �e−�h, �3�

where �=−A /�C2R0
2 and A is the Hamaker constant. The

first term is the London–van der Waals component of disjoin-
ing pressure, the second is the electrostatic component char-
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acterized by two nondimensional parameters � and �. The
latter is inversely proportional to the Debye length. This
model is adequate for describing the situation relevant for
many experiments �23,26� and was used for theoretical stud-
ies �27,28�, although other disjoining pressure models are
also used in the literature, e.g., a combination of two terms
which are different inverse powers of h �29,30�.

The standard lubrication-type velocity profile �25� is sub-
stituted into the integral form of the mass conservation con-
dition resulting in the following equation for the scaled liq-
uid film thickness h=h�r , t�

ht + �3r�−1�rh3�hrr + r−1hr + �h−3 + �e−�h�r�r = 0. �4�

The boundary conditions for this equation at r=0 are the
conditions of axial symmetry expressed by

hr�0,t� = 0, hrrr�0,t� = 0. �5�

The size of the computational domain, L, is chosen suffi-
ciently large so that the effect of disjoining pressure on the
interface shape near r=L is negligible, i.e., the value
��h�L , t�� is small for all t. At r=L we specify the vertical
velocity of the interface �as, e.g., in Ref. �31�� and the value
of curvature corresponding to the meniscus away from the
draining film region. The general form of these two condi-
tions is

ht�L,t� = − V�t�, hrr�L,t� + L−1hr�L,t� = 	�t� . �6�

The value of the curvature away from the film 	�t� is taken
to be 1 in most of our simulations below. This is justified by
the fact that away from the film the interface shape is domi-
nated by the capillary forces and therefore its curvature does
not change significantly as the bubble is shifted, generating
flow in the liquid. This assumption is supported further by
the experimental recordings of interface shapes and by the
fact that pressure gradient in draining flows is known to de-
cay as r−5 for large r �32�.

Equation �4� with the specified boundary conditions was
solved numerically using a finite difference approach with
time stepping based on Gear’s backward differentiation for-
mulas �33�. Analytical formulas are incorporated into the
code for evaluating the curvature and its derivatives at r=0.

III. WIMPLES IN DRAINING FILMS

A. Mechanism of interface deformation

When a bubble is pressed against the wall, as seen in Fig.
1, the disjoining pressure in the wetting film balances the
capillary pressure jump across the meniscus surface, so that
the overall configuration is steady. This configuration is
taken as the initial condition in our numerical simulation. To
simulate the steplike substrate motion toward the bubble, the
height on the right end of the computational domain de-
creases at a constant rate V�t�=1 from the initial value of
h�L ,0�=8 over the time period of 
t=5. We note that in
experiments of Clasohm et al. �14� the bubble is attached to
the capillary and the relative velocity of the capillary and the
substrate is held constant during the steplike approach, which
is in contrast to drainage under the conditions of constant

interaction force, i.e., due to buoyancy. Figure 2�a� shows
typical simulation results �for �=0.001, �=50, �=20, 	�t�
=1, L=6� at the initial stages of the process. Snapshots of the
interface are recorded at three different values of scaled time
t specified in the legend. As the outer edge of the thin-film
region shifts to the right, a local depression away from the
central axis develops in the newly formed liquid film, result-
ing in a shape with a minimum at the axis of symmetry and
the second minimum at a finite r. This shape is referred to as
the wimple.

At later stages of evolution the wimple transforms into the
standard dimple shape �32,34,35� and the latter slowly re-
laxes to the flat film, as illustrated in Fig. 2�b�. This turns out
to be a much slower process than the initial evolution. The
minimum value of the film thickness decreases initially and
then does not change significantly at later stages of drainage.
The film becomes nearly flat at t�102.

A simple explanation of wimple formation was proposed
in our earlier study �20�. Even though the model of disjoin-
ing pressure in the present study is different from Ref. �20�,
the mechanism of the interface deformation is essentially the
same. In equilibrium, the disjoining pressure in the wetting
film balances the capillary pressure jump across the menis-
cus surface. When the meniscus starts moving, the trailing
film is formed by the Landau-Levich-type mechanism; the
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FIG. 2. Numerical results for �=10−3, �=50, �=20 illustrating
liquid-gas interface evolution: �a� formation of the wimple; �b�
drainage of the dimple at the later stages of evolution.

RIPPLES IN A WETTING FILM FORMED BY A MOVING … PHYSICAL REVIEW E 78, 031602 �2008�

031602-3



typical thickness of this film scales as C2/3 and is usually
larger than the wetting film thickness �as seen in the flattened
portion of the solid curve in Fig. 2�a��. Thus the disjoining
pressure in this region is relatively weak. However, so is the
capillary pressure jump, since the trailing film is almost flat
when it is just formed. As a result liquid is pushed out of this
region in both directions, i.e., toward the capillary meniscus
region and toward the wetting film, resulting in formation of
the wimple. Note that the liquid flow during wimple forma-
tion is directed towards the central axis in parts of the film
before draining in the opposite direction later �14�. This is in
contrast to the many numerical simulations of dimple forma-
tion that do not show flow reversal.

We note that the steplike changes in the velocity V�t� used
in our simulations imply infinitely large acceleration of the
interface and therefore raise the issue of validity of our
model. To address this issue, we carried out several simula-
tions for large but finite rate of change of velocity and found
that the behavior of the draining film over the time scales of
interest does not change significantly. This can be explained
by the fact that the evolution of the film discussed in the
present study takes place after the substrate stopped moving,
so it is not particularly sensitive to the details of how the
substrate was accelerated or stopped as long as the amount of
shift is the same. We also ran several simulations with
various nonconstant 	�t� that simulate slight flow-induced
changes of curvature of moving bubble and found that the
dynamics of wetting film is not very sensitive to small varia-
tions of 	�t�.

B. Wimple versus dimple

Numerical simulations of the interface evolution, such as
the one illustrated in Fig. 2, show that wimple is formed at a
certain time tw�0 following the change in the distance be-
tween the bubble and the substrate initiated at t=0. Let us
investigate how tw depends on disjoining pressure. In many
experiments the disjoining pressure is dominated by its elec-
trostatic component, which is defined by two parameters �
and � in our model. Let us first vary the constant �, which
measures the significance of this component and depends on
the electrostatic potentials of the solid-liquid and liquid-gas
interfaces. A typical result �for fixed van der Waals compo-
nent of disjoining pressure, defined by �=0.001, and for
fixed �=20� is shown in Fig. 3�a�. Clearly, the decrease in
the disjoining pressure parameter results in delayed wimple
formation. This can be explained by the fact that for smaller
� the equilibrium film thickness is smaller and therefore the
viscous resistance is more significant compared to the effect
of pressure jump at the interface. The latter is the driving
force for the flow and depends on both surface tension and
disjoining pressure. The slowdown of the film evolution due
to increased role of viscous friction at smaller � is not a
dramatic effect: tw changes by less than 10% over a wide
range of � shown in Fig. 3�a�.

In experiments, the electrostatic component of disjoining
pressure can be controlled by changing the concentration of
ions in the liquid so that the Debye length changes. In our
model, the parameter �−1 is proportional to the Debye length,

but � also depends on it. In fact, variation of the ion concen-
tration implies changing both � and � but in such a way that
��−2=const �9�. The result for �=10−3 is shown in Fig. 3�b�.
Comparison between the two parts of Fig. 3 shows that tw is
more sensitive to variations in � than variations in �, which
can be explained by the strong �exponential� dependence of
disjoining pressure at a given thickness on �. The time of
wimple formation is minimized at the maximum value of the
equilibrium wetting film thickness, corresponding to �−1

�0.17.
Let us investigate how the dynamics of wimple formation

depends on the amount of shift in the distance between the
bubble and the substrate, which is a natural control param-
eter in experiments. In our model the amount of shift is mea-
sured by the nondimensional parameter 
t. The result for the
nondimensional time of wimple formation tw versus 
t is
shown in Fig. 4 for typical disjoining pressure parameters
�=0.001, �=50, �=20. Somewhat unexpectedly, the plot of
tw has a maximum at a certain value of 
t. This may seem
counterintuitive since according to the mechanism of wimple
formation discussed in the previous subsection, larger 
t im-
plies larger extent of the trailing film and therefore should
promote faster wimple formation. However, this reasoning
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FIG. 3. The effect of disjoining pressure variations on film evo-
lution. The nondimensional time of wimple formation for 
t=5.0 is
shown as a function of � �a� and as a function of �−1 with fixed
��−2=0.125 �b�.
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does not take into account the fact that wimples seen at
larger 
t have larger amplitude �the difference between the
maximum and minimum values� and width than the ones
formed at smaller 
t. The latter ones appear and then turn to
dimples very quickly, which is also an indication that they
may be difficult to detect experimentally.

It is important to note that for sufficiently small 
t the
wimple, which is always a transient shape, is not formed at
all. In order to be able to detect wimples in experiments, it is
important to specify criteria for their formation. In the frame-
work of our model such criteria can be easily formulated in
terms of the nondimensional parameters 
t and �. The dia-
gram in Fig. 5, found from extensive numerical studies,
gives the conditions for wimple formation. A dimple and/or a
flattening of the film represents the only type of evolution for
parameter values corresponding to 
t and � below the solid
curve in Fig. 5 while wimple can be observed above the
curve. To generate the plot in Fig. 5, our numerical algorithm
monitored interface shape up to a point tm when a local mini-
mum of the draining film thickness first appeared at an off-
center location r1�0 and evaluated the difference h�r1 , tm�
−h�0, tm�. Wimple was detected when this value was above
10−4.

Let us now discuss the connection of the present model to
experiments. In typical experiments with bubbles or drops
pressed against solid substrates the size R0 is of the order of
1 mm and the values of C1/3 at realistic speeds are
10−3–10−2, which is of the same order as typical inverse
aspect ratios of the draining films, thus justifying our
lubrication-type approach. In the experiments of Clasohm et
al. �14� wimple shapes were detected using the setup of Fig.
1 and a similar setup with a droplet of mercury instead of air
bubble. Detailed measurements of interface evolution were
shown only for the latter case, which makes it difficult to
make direct quantitative comparisons with our model. How-
ever, the mechanism discussed in the previous section sug-
gests that qualitative comparison can still be made since the
limiting mechanism of interface evolution is expected to be
due to viscous flow in the thin-film region, with flow inside
the droplet playing a secondary role. Thus, the experimen-
tally observed trends should be consistent with the predic-
tions of our model. Let us show that this is indeed the case.

Clasohm et al. �14� investigated evolution of draining film
for four different values of the shift 
L* in the relative po-
sition of the substrate and the capillary tube to which the
drop/bubble is attached. Based on their data, the time of
wimple formation is estimated to be near 0.3 s for 
L*

=20 �m and near 0.4 s for 
L*=10 �m, which is clearly
consistent with the decaying part of the curve in Fig. 4 �note
that in our model the shift in position is measured by 
t�. As
we discussed above, the growing part of the plot in Fig. 4
corresponds to short-lived wimples of very small amplitude,
likely to be difficult to detect. Clasohm et al. �14� also dis-
covered that the wimple is formed for 
L* above a critical
value, which they estimated to be between 5 and 10 �m. Our
condition of wimple formation, illustrated in Fig. 5, esti-
mates the critical value to be on the order of several microns
�when the capillary number is evaluated based on the surface
tension of water-mercury interface used in Ref. �14��. When
making the comparison, it is important to account for the
difference between the experimentally controlled 
L* and
the dimensional change in the interface height C2/3R0
t. The
latter can be estimated for a given 
L* by analyzing the
capillary statics shapes of the bubble/drop before and after
the shift or can be extracted from the experimental record-
ings of the film surface shapes. Both approaches indicate that

L* is typically an order of magnitude larger than C2/3R0
t.
To complete the comparison with experiments, we note that
our numerical results, such as the one seen in Fig. 3�a�, pre-
dict slower evolution of the draining film for smaller �. This
is indeed observed in experiments �14�: weaker repulsion
case �corresponding to smaller � in our model� corresponds
to slower film evolution than the strong repulsion case.

Manica et al. �36� recently used an approach to modeling
of draining films similar to Ajaev et al. �20� and the present
work, except that instead of the zero shear-stress condition
they postulated no slip at the fluid interface. �Note that al-
though the treatment of the far-field boundary conditions in
Ref. �36� is slightly different from the one we use here, both
are adequate for correctly capturing the evolution of the wet-
ting film.� It is interesting that despite the modification of
interfacial boundary condition, the results of Manica et al.
are also consistent with the experimental data of Clasohm et
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FIG. 4. Nondimensional time of wimple formation as a function
of 
t for �=0.001, �=50.
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FIG. 5. Minimum 
t for wimple formation versus the disjoining
pressure parameter. Wimple is not formed for small 
t.
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al. �14� obtained with the mercury drop, as well as with our
early theoretical conclusions �15,20� made for a bubble. This
confirms the universality of the physical mechanism of a
wimple formation proposed in Ref. �20�.

While the experimental results of Clasohm et al. �14� pro-
vide important verification of the key aspects of our model,
more experimental work is needed to test our predictions.
The present theoretical work provides a number of useful
guidelines for future experimental studies, most notably the
conditions for wimple formation when a gas bubble is
pushed against a solid substrate.

IV. MULTIPLE DIMPLES

A. Two-step forcing

Simulations in the previous section are conducted for situ-
ations when the initial condition �t=0� is an equilibrium con-
figuration �which in practice takes a long time to achieve�.
Let us investigate what will happen when the change in the
velocity is made as the draining film approaches the equilib-
rium state. To simulate this situation we use the two-step
velocity profile defined by

V�t� = �1, 0 � t � 
t, t1 � t � t1 + 
t ,

0, otherwise.
�

Snapshots of interface shapes for this profile with �=0.001,
�=50, �=20, 
t=3.5, t1=6
t are shown in Fig. 6�a�. A new
transient shape with two off-center points of minimum is
seen in this simulation: we refer to such shapes as multiple
dimples. Although the linear analysis of small transient de-
formations of a draining film conducted by Tsekov and Vi-
nogradova �15� suggested that shapes with several minima
can appear, no previous observations of such shapes in nu-
merical simulations of the full nonlinear evolution equation
were reported in the literature. The multiple dimples we ob-
serve are short-lived, turning to wimples and then to dimples.
Thus, there is a sequence of transient shapes in the nonlinear
evolution of the liquid-gas interface.

While multiple dimples are typically short-lived struc-
tures, increasing the value of 
t can help to bring the sys-
tems into a regime when they persist for longer time. This is
seen in the plot of time tMD of the evolution of multiple
dimples versus 
t in Fig. 6�b�. For values of 
t below �3.3
in the plot multiple dimples are not formed.

The mechanism of multiple dimple formation is illus-
trated in Fig. 7. At time near t= t1, the shape of the interface
can be described as a slowly draining dimple, shown in the
top part of Fig. 7, with the pressure near the point A slightly
above the pressure at the point B. As the meniscus is shifted,
the trailing-film region is formed near B. Since the trailing
film is nearly flat and thicker than the minimum thickness of
the wetting film, both capillary pressure jump and disjoining
pressure are relatively weak in the trailing film. Thus, the
pressure in the region B is higher than the pressures in re-
gions A and C shown in the sketch and liquid flows away
from B, resulting in formation of a local minimum of the
draining film thickness near B. The overall shape of the in-
terface at this stage is what we refer to as multiple dimple.

Approximate analytical solutions describing the formation of
these rippled structures are given in the Appendix.

Experimental studies �23� indicate that disjoining pressure
can change from repulsive to attractive at small separations,
due to rearrangement of electrical charges. Such situation
may result in film rupture. In order to model film evolution
for attractive electrostatic component of disjoining pressure
without dealing with the difficulties associated with descrip-
tion of newly formed contact line, we consider the case when
the film gets stabilized by van der Waals forces at very small
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FIG. 6. �a� A sketch of a multiple dimple seen in numerical
simulations. �b� Nondimensional time of multiple dimple evolution.
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dimples in wetting films.
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thickness. The result in Fig. 8 �for �=10−3, �=−50, �=20�
shows a structure that can be described as in isolated droplet
in the middle, with a ring of liquid forming at an off-center
location �the same two-step velocity profile as above was
used in this simulation�. This result indicates that by repeat-
ing the process several times one can make a pattern of
circles on a substrate, which is significant for many applica-
tions. The liquid can be solidified afterward, resulting in a
highly ordered nanostructured surface. Furthermore, if the
liquid is a suspension of nanoparticles, the effect can poten-
tially be used for deposition of highly ordered rings of nano-
particles or self-assembly from DNA solutions. These have
important potential applications in optics and biology
�37,38�.

B. Dynamic response

Controlling the flow in the film of typical thickness of
tens of nanometers is a difficult task, but it is important for
many applications in microfluidics and nanofluidics. The
setup of Fig. 1 offers remarkable opportunities for control-
ling the flow in ultrathin films. However, in order to use it for
practical applications it is important to establish the relation
between the shift in the relative position of the bubble and
the substrate on one hand and the flow in the film on the
other, i.e., study the response of the film to external forcing
though the meniscus. A typical result of such study is illus-
trated in Fig. 9, where we plot the liquid flow rate at r=2 as
a function of time for periodically changing distance be-
tween the bubble and the substrate. It is clear that both the
magnitude and the sign of the flow rate in the film change at
each step. After a very short transient period, a periodic so-
lution is established. The rapid decay of transients can be
explained by the significance of viscous forces in films of
such small thickness. We note that the periodic nature of the
solution seen here is due to periodic forcing. More compli-
cated flow can be induced by nonperiodic forcing.

Figure 9 illustrates that by rapidly pushing the bubble
toward a solid wall one can quickly induce and then control
a flow in the thin film formed between the bubble and the

wall. This effect can be used in applications such as mixing
in small-scale systems. The actual design of such mixing
device is beyond the scope of the present paper and can
involve a more complicated geometric configuration than a
bubble attached to a tube.

V. CONCLUSIONS

We carried out a theoretical investigation of the effects of
capillarity and both van der Waals and electrostatic compo-
nents of disjoining pressure on evolution of a wetting film
formed by pressing a gas bubble against a solid substrate. We
first model the situation when deformations and liquid flow
in stable wetting films are induced by changing the position
of the bubble relative to the substrate, e.g., by pushing the
bubble toward the substrate. When the bubble is moved a
fixed distance from an equilibrium configuration, a transient
shape seen in the simulation has a local minimum of the
thickness in the center, surrounded by a ring of greater film
thickness and bounded at the outer edge by the barrier rim.
This has recently been discovered experimentally and is re-
ferred to as the wimple. Our study is the first one to derive
the conditions of wimple formation and its evolution time as
functions of the amount of shift in the bubble position and
the parameters of disjoining pressure. In particular, we find
that wimple is formed faster for weaker disjoining pressure.
Our results are consistent with experimentally observed
trends and provide useful guidelines for future experiments.

Our numerical simulations allowed us not only to repro-
duce wimples and their evolution to conventional dimples,
but also obtain new kinds of transient interface shapes,
dubbed “multiple dimples.” These emerge when the bubble
is pushed toward the substrate more than once. Physics of
new transient interface shapes is explained in terms of inter-
play between capillarity and disjoining pressure. Simple ana-
lytical estimates are provided to validate the explanations.
Our simulations clearly indicate that the shifts in the position
of the macroscopic bubble �relative to the substrate� can be
used to control flow and deformations in nanoscale films.
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FIG. 8. Interface shape at t=28 found from the simulation with
�=0.001, �=−50.
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FIG. 9. Dynamic response of the periodic flow in the film to
periodic variations in the distance between the bubble and the
substrate.
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In addition to interface shapes, we have investigated the
flow in the ultrathin liquid film. A remarkable finding here is
that the flow direction can be effectively controlled by the
motion of the bubble. In particular, we showed that rapid
periodic reversal of the flow direction can occur as a result of
oscillatory motion of the meniscus. The ability to rapidly
induce flow in ultrathin films can be useful for mixing in
such a small-scale system.

When the electrostatic component of disjoining pressure
is destabilizing, the motion of the meniscus has a significant
effect on the development of instability. This situation is dif-
ferent from the one corresponding to stable film because the
flow is induced not just by motion of the bubble but also by
the destabilizing effect of disjoining pressure. In particular,
when the growing perturbation is defined by the prescribed
motion of the meniscus, the rippled structure can result in an
ordered pattern of rings on the surface. This can be used to
manufacturing the patterned surface �when the liquid solidi-
fies after the rings are formed� or for deposition of nanopar-
ticles �when the liquid contains nanoparticles and it dries out
by evaporation after the rings are formed on the substrate�.
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APPENDIX: LINEARIZED THEORY OF RIPPLES
IN THE FILM

Approximate analytical formulas can be used to deter-
mine the conditions of formation of dimples, wimples, and
more complicated multiple dimple structures. Indeed, the lin-
earized analysis of Eq. �4�, based on Ref. �15�, indicates that
the interface deformation can be described by

ht + �3r�−1h̄3�r�hrr + r−1hr − 3�h̄−4h − ��e−�h̄h�r�r = 0,

�A1�

where h̄ denotes the average film thickness. The solution of
Eq. �A1� on �0,L� can be written as a linear superposition in
the form

h = h̄ + 	
n

Ane−ntJ0�qnr� . �A2�

Since the average value of the sum over n on the right-hand
side has to vanish, the dimensionless wave numbers qn obey
the relationship J1�qnL�=0, based on the well-known relation
between Bessel functions of the zeroth and the first orders.
Thus, qn=�n /L, where �n is the nth root of the Bessel func-
tion of the first kind J1. The dimensionless decay rate n
satisfies the following dispersion relation:

n =
h̄3qn

2

3
�qn

2 + 3�h̄−4 + ��e−�h̄� . �A3�

In general all the Fourier components are present at a
given time t. However, the components with fast decay rate
do not contribute substantially to the film profile, since they
relax very quickly, i.e., e−nt in Eq. �8� is small if n� t−1. At
very large times the film reaches flat equilibrium shape,
which corresponds to perturbations of all wavelengths decay-
ing to zero. At the late stages of the shape evolution �rela-
tively large t�, the film is not yet at equilibrium, but already
close to it. Thus, the Fourier components with large n are
also decaying, but the film is not flat yet due to the compo-
nent n=1. Then the interface shape is essentially dimpled
with a characteristic wave number q1=�1 /L. Since �1
�3.83, the dimple has a maximum in the film center and a
minimum at the rim. If we now consider the shape evolution
before the dimple formation one could expect that q2=�2 /L
will also play an important role. The value �2�7.02 corre-
sponds to a wimple with a maximum surrounded by two
minima at the center and the rim. Finally, formation of mul-
tiple dimples corresponds to q3=�3 /L, where �3�10.17. We
note that the simple analytical estimates based on these val-
ues are in good agreement with the results of our numerical
simulations.

In Ref. �15� transitions between different interface shapes
were discussed based on the assumption that the interface
shape is dominated by a single Fourier component of the
superposition given by Eq. �A2�; the wave number of that
component was denoted by 
b in Ref. �15�. The multiple
dimple and wimple shapes then correspond to larger values
of b, while dimple is expected at smaller b, with the transi-
tion between the two taking place when b is near the square
of the first root of the Bessel function J1.
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